Abstract. In this paper, we discuss the different splitting approaches to solve the Gross-Pitaevskii equation numerically. We consider conservative finite-difference schemes and spectral methods for the spatial discretisation. Further, we apply implicit or explicit time-integrators and combine such schemes with different splitting approaches. The numerical solutions are compared based on the conservation of the L2-norm with the analytical solutions. The advantages of the splitting methods for large time-domains are presented in several numerical examples of different solitons applications.
Introduction
Bose-Einstein condensate (BEC) nowadays is an actual modelling problem for theoretical and also experimental studies, see [6] . The evolution equation of the Bose-Einstein condensate (BEC) order parameter for weakly interacting bosons is done with the Gross-Pitaevskii equation, see [1] , [7] and [3] . The weakly interacting bosons supports dark solitons for repulsive interactions and bright solitons for attractive interactions. A solitary wave or soliton solution is a localised travelling wave solution, that retain its size, shape and speed, when it moves. It does not spread or disperse, see [17] . The modelling equation has two parts, a defocusing effect, which is based on the dispersive term and a steeping effect, which is based on the nonlinear term. To obtain a equation balance of such a localised profile for the solution, we need a special nonlinearity, see [17] . Also after a collision of two solitons, each wave is unscathed with its size, shape and speed, therefore, we have a special collision property, see [2] . Therefore, the numerical methods should also have conservational behaviours to solve such a specialised balance of nonlinearity (steepness) and diffusivity (smoothness) to obtain the sharp localised soliton solutions.
We are motivated to analyse such numerical methods, which allow to conserve such behaviours, see [17] and [12] . Additionally, we apply different splitting approaches in combination with finite difference schemes or spectral schemes to solve the Gross-Pitaevskii equation, see [1] .
Numerically, two different ideas exist to solve the GPE:
-Conservative finite difference schemes, which are nonlinear schemes and need more computational amount, see [17] . Further, they can be constructed to conserve the solution, the momentum and the energy. -Splitting schemes, which decompose the different parts of the GPE and are simple to implement. But they have energy conservation and stability problems, see [17] Based on the different ideas, we propose a combination of the splitting approaches and the uses of the conservation properties based on the conservative finite-difference schemes, see [17] . Therefore, we could use the benefits of conservation approaches, see [17] and the splitting approaches, see [9] and [11] to stabilise and accelerate the solver processes. Such a combination allows to reduce the time-consuming procedures of the conservative FD schemes and stabilises the splitting approaches based on the conservative approaches.
The paper is outlined as following. The model is introduced in Section 2. In Section 3, we discuss the different numerical methods and present the convergence analysis. The numerical experiments are done in Section 4 and the conclusion is presented in Section 5.
Mathematical Model
The modelling is based on many-body Hamiltonian for a system of N interacting particles (e.g., bosons) for the external field V ext and particle-particle interaction potential with V (r − r ):
where u is the particle (boson) field operator and we satisfy the commutation relation [u(r), u † (r )] = δ(r − r ). Further, V (r − r ) is the two-body interaction and µ is the chemical potential, see [3] . Then the time-evolution of the field operator u is given as:
Further, the BEC order parameter, or called as condensate wave function, is given as u = u , where u is the expectation value of the Bose operator.
We have two possibilities:
where T c is the Bose-Einstein condensation temperature.
In the following, we discuss the weakly interacting bosons.
Weakly interacting Bosons
We deal with the following Assumption 1.
Assumption 1 -We consider dilute gas, while we assume, that the range r 0 of the interatomic forces is much more smaller, than the distance between the atoms, means r 0 << d = n −1/3 , where n is the density of the atoms. -For T < T c , we obtain small momenta, such that the scattering amplitude is independent of the energy. Therefore, one could replace it by a low-energyvalue, which is determined by the solitary wave with scattering length a. -We replace the potential V (r−r ) with the effective soft potential V ef f , which has the same scattering properties, and it is defined as:
where m is the atomic mass. Further we replace V (r − r ) = g δ(r − r ).
-The expectation value is given as u = u .
We apply the Assumption (1) to the evolution equation of the interacting particle system (3) and obtain the Gross-Pitaevskii equation with the condensate order parameter u for weakly interacting bosons:
where g is the interaction term with the following characteristics:
-g > 0 implies a repulsive interaction, where a > 0, -g < 0 implies an attractive interaction, where a < 0.
The Gross-Pitaevskii equation is a nonlinear partial differential equation with a cubic nonlinearity, means we deal with higher order nonlinearities, see also nonlinear Schrödinger equation [16] .
In the following, we concentrate on the one-dimensional Gross-Pitaevskii equation, where we assume = 1.0 and the atomic mass m = 1. We also deal with a external potential V (x, t) ≡ 0 and we deal with the following form of the GPE:
where the Hamiltonian operator is given as
we assume g = −1, means we discuss attractive interactions.
Numerical Methods
For the numerical methods, we deal with the two standard ideas to approximate the GPE:
1. Splitting methods: The idea is to split the differential equations into some simpler parts and solve each simpler differential equation with fast PDE or ODE solvers. The results are summary approximated, e.g., via coupling the solution of the predecessor-solution as initial conditions of the successorsolution, or averaging the summarised results, see [15] and [8] . The benefits are the fast solver methods and a simple numerical construction with the simple implementation into a program-code, see [15] and [13] . The drawback is that the methods are not long-time stable and they preserve only on invariant of the solution, see [17] . 2. Conservative Finite Element Schemes: The idea is to design a finite difference scheme, which preserve the square of L 2 -norm of the solution, the impulse functional and the energy functional. Based on such a construction of finitedifference approaches, e.g., a well-known conservative FD scheme is the semiimplicit Crank-Nicolson method, see [14] , we conserve all the three invariants, see [5] , and we obtain stable and long-time behaviours of the solutions. The drawback of such schemes are the nonlinearity in the methods, e.g., we need additional nonlinear solvers, therefore the schemes are highly computational intensive comparing to fast splitting approaches, see [17] .
We propose a mixture of the splitting approaches plus the application of the conservation finite-difference schemes, while we apply schemes for the GPE, which is given as:
with Hu = − conditions. Further, we apply g = −1, that means the attractive interaction case.
For an application of a single soliton, the exact solution is given as
where
and v p are the speeds of the density profile and phase profile, see the derivation of the exact solutions in [3] .
Assumption 2
We apply the absolute value as:
Further we have the following complex relations:
Conservation Laws of the GPE
The GPE is given as in Equation (9)- (11) and we have the following invariants:
-Mass conservation, which is given as the square of L 2 -norm of the solution
with N (t) = N (0) = const. -Impulse conservation, which is given as the impulse functional of the solution
with P(t) = P(0) = const, with u † is the conjugate of u. -Energy conservation, which is given as the energy functional of the solution
with E(t) = E(0) = const, with u † is the conjugate of u.
Remark 1. The conservation laws are proved for the GPE in the paper [17] . Further, the conservation laws are also proved for the general Schrödinger equations in the paper [5] .
In the following, we present a conservative finite difference scheme.
Conservative finite difference schemes
We apply the discretisation of the GPE (9)- (11) with the following finite difference method, see also [17] :
where M is the number of spatial grid points and N is the number of time grid points.
Here, we have a conservative finite difference scheme, which has to be solved as a nonlinear equation system with fixpoint or Newton's solvers, see [17] .
Remark 2. The conservative behaviour of the semi-implicit Crank-Nicolson is proved in [17] .
Asymptotic conservative finite difference schemes
Here, we apply the idea of the conservative finite difference scheme and reformulate the scheme into a splitting approach.
Therefore, we obtain asymptotic behaviours, while we have splitted the full equations. Based on such a splitting approach, see [8] , we have to apply additional iterative steps to obtain the full coupled approximated conservative finite difference scheme, see [10] .
We reformulate the finite difference scheme (20)- (22) in the operator notation:
where the matrices are given as:
where with
is a vector. Further, the time-steps are given as ∆t = t n+1 − t n , with n = 0, . . . , N − 1 and t 0 = 0 and i is the imaginary number. We apply the following asymptotic approximation, based on the Picardsfixpoint scheme, we reformulate the operator scheme (23)-(25) as following:
where k = 1, . . . , K is the iteration index and we have U n+1 0 = U n as the initialisation of the iteration, while we have the stopping criterion ||U n+1 k − U n+1 k−1 || ≤ err and err is an error-bound, e.g., err = 10 −5 , or we stop at k = K, while K is a fixed integer, e.g., K = 5.
We reformulate in a scaled 1 2 AB and 1 2 BA splitting approach. Here, we obtain a first order splitting approach for both splitting approaches, see [8] , see the Algorithm 3.
Algorithm 3
We apply the time-steps n = 1, . . . , N − 1, where N are the number of the time-steps. The initialisation is U 0 = U (0) and we start with n = 1.
1.
where the starting condition at k = 1 is
k−1 || ≤ err, we are done and goto step 3., else we go to the next iterative-step and we apply k = k + 1 and goto step 1. 3. If n + 1 = N , we are done, else go to the next time-step and we apply n = n + 1 and goto step 1.
We solve the two B-steps exactly and reformulate the asymptotic conservative finite difference scheme (26) with respect to the splitting approach, we call it the A-B-A(semiCN) splitting approach, see the Algorithm 4.
Here the A operator is the linear term with the FD scheme discretised, while the B operator is the nonlinear term and is exactly solved. We apply an additional iterative procedure to approach the semi-implicit CN method.
, with timestep ∆t (spectral method), (30)
where with spatial vector x = (x 1 , . . . , x M −1 ) t and M are the number of spatial points. Further U n = (u n 1 , . . . , u n M −1 ) t is the vector at the grid points u n j = u n (x j ) for j = 1, . . . , M − 1.
The starting condition for
Remark 3. We reformulated the semi-CN scheme into an ABA-splitting approach, while the reformulation has also second order terms, we have at least for such an approximation, only a first order scheme, see [8] .
Standard Finite Difference Methods and Standard Splitting Approaches
In the following, we discuss the different standard finite difference method and standard Splitting approaches, which are related to the finite difference schemes for the Gross-Pitaevskii equation.
Splitting methods with finite difference schemes
We apply the semi-discretisation of the diffusion operator with a finite difference scheme (second order), where we deal with M discrete spatial points.
Further, We employ the following transformation and change of variables with u = η + iξ ∈ (IR M + iIR M ) and obtain:
t is the vector at the grid points u
Further, the time-steps are given as ∆t = t n+1 − t n , with n = 0, . . . , N − 1 and t 0 = 0 and i is the imaginary number.
-Implicit Euler method:
where, we start with U 0 . -CN-method:
where, we start with U 0 . -A-B splitting, where we deal with implicit for the diffusion and explicit time discretisation for the nonlinear term:
where we start with U 0 . -A-B splitting, where we deal with explicit for the diffusion and explicit time discretisation for the nonlinear term:
where we start with U 0 .
Standard Spectral Methods and Combinations with Splitting and Finite Difference schemes
In the following, we present spectral and mixed schemes, combing spectral and finite difference schemes with splitting approaches.
The spectral methods applied the Fourier transformation or Fourier spectral method, see [4] . The spectral methods can be applied to the linear part (spatial derivation) and nonlinear part (interaction or potential) of the GPE, see [17] .
In the following, we apply the different splitting approaches with respect to the spectral methods.
3.5.1 Time-spitting spectral method We apply the spectral method in t ∈ [t n , t n+1 ] We have two parts of the equation: -Linear part:
where we start to apply the Fourier transform for the input u n and obtain:
We apply the Fourier transform to the linear term and obtain the result in the Fourier transformed space and the inverse Fourier transform and obtain the result:
-Nonlinear part:
where we obtain an analytical solution, which is given as:
where ∆t = t n+1 − t n .
The algorithm for the splitting approach is given as:
We apply the Time-splitting spectral method as following:
with timestep ∆t,
Then, we start again with U n+1 in step A.
AB Splitting Methods with finite difference and spectral schemes
We deal with the different AB-splitting methods: -1.) TSSP Method: A and B are in the spectral version -2.) A-B splitting: A operator is the nonlinear term with the spectral method for the reaction B operator is the linear term and is in the FD scheme -3.) A-B splitting: A operator is the nonlinear term with the FD scheme B operator is the linear term in spectral method -4.) A-B splitting: A operator is the nonlinear term with the FD scheme B operator is the linear term is in FD scheme -1.) TSSP Method: A and B are in the spectral version
Algorithm 6
-2.) A-B splitting: A operator is the nonlinear term with the spectral method for the reaction B operator is the linear term and is in the FD scheme.
Algorithm 7
We apply the combined FD and spectral method as:
-3.) A-B splitting: A operator is the nonlinear term with the FD scheme B operator is the linear term in spectral method
Algorithm 8
. . , M − 1 with the spatial vector x = (x 1 , . . . , x M −1 ) and M are the number of spatial points.
t is the vector at the grid points u j = u(x j ) for j = 1, . . . , M − 1. Then, we start again with U n+1 in step A.
-4.) A-B splitting: A operator is the nonlinear term with the FD scheme B operator is the linear term is in FD scheme
Algorithm 9
We apply the splitting approach with the FD schemes as:
where with spatial vector x = (x 1 , . . . , x M −1 ) and M are the number of spatial points. Further U n = (u n 1 , . . . , u n M −1 ) t is the vector at the grid points u n j = u n (x j ) for j = 1, . . . , M − 1.
-5.) A-B-A(CN) splitting: A operator is the linear term with the FD scheme B operator is the nonlinear term is in spectral method
Algorithm 10
We apply the ABA-splitting approach with FD schemes and spectral schemes as:
, with timestep ∆t(spectral method), (67)
, with timestep ∆t/2(explicit Euler),
where with spatial vector x = (x 1 , . . . , x M −1 ) and M are the number of spatial points. Further
t is the vector at the grid points u n j = u n (x j ) for j = 1, . . . , M − 1.
Numerical experiments
For the numerical experiments, we test two models:
-Single soliton with exact solution as corresponding solution.
-Collision of two solitons with numerically fine solution as corresponding solution.
For the errors, we apply the L 2 -norm and use:
. We apply a convergence-tableau based on the different spatial-and timesteps, means we apply 16∆t, . . . , ∆t/8 and ∆x, . . . , ∆x/8 with the underlying errors.
In the following, we apply different numerical experiments to validate our numerical method.
First example: GPE with one soliton
We consider the GPE in order to apply for the numerical schemes in a suitable rewriting:
with Hu = − 
We deal with the following methods:
-implicit Euler method (all operators are done with the implicit method), -Crank-Nicolson scheme (all operators are done with the CN method), -AB-splitting:
• linear operator is done with the Spectral method and nonlinear operator is done with the spectral method, • linear operator is done with the FD method and nonlinear operator is done with the spectral method, • linear operator is done with the Spectral method and nonlinear operator is done with the FD method, • linear operator is done with the FD method and nonlinear operator is done with the FD method. -ABA-splitting:
• linear operator is done with the Spectral method and nonlinear operator is done with the spectral method. -ABA-CN and ABA-iCN:
• linear operator is done with the finite difference method, while the nonlinear operator is done with the spectral method.
• for the iterative scheme, we apply different iterative steps.
The convergence-tableaus of the different numerical methods are given in the Tables 1-10 .
The computational times and the errors of the different methods for the single soliton solutions are given in Table 11 and 12.
The Figure 1 present the solutions of the one soliton results and the convergence tableau.
The Figure 2 present the solutions with the approximated conservation finite difference scheme. Table 12 . Numerical errors of one soliton with the different methods. Remark 4. We see the benefits of the conservation schemes in the long time behaviour. But the drawbacks are the time-consuming computations. The balance based on the splitting approach including the conservative schemes are an alternative to reduce the time-consuming approaches and allow to obtain asymptotic conservative results with sufficient enough iterative steps.
Second Example: Collision of two solitons
We apply a collision of two solitons with the GPE. The evolution equation is given as:
with Hu = − 1 2
We have two solitons starting in x = −20 and x = 20 and they collide at x = 0 at the time-point t = 5.0.
For the reference solution, we apply a fine spatial-and time-discretised solution with an ABA method.
Further, we also decouple the full equation after the spatial discretisation into a linear and nonlinear operator part, given as:
In the Table 13 Table 14 . Numerical errors of two solitons with the different methods.
The Figure 3 present the solutions and errors of the one soliton results. The solution of the two-solitons with the ABA-CN method in Figure 4 . Remark 5. We also obtain the same results as for the single soliton solutions. The alternative methods with the combination of the conservative schemes and the splitting approaches have small numerical errors and optimal computational times in the area of the fast splitting methods. With additional iterative steps, we could couple the ABA-iCN method more and achieve asymptotically the conservation schemes.
Conclusion
We propose an alternative ABA-iCN method, which combines the conservative finite difference scheme with a fast ABA splitting approaches. Such alternative methods allow to accelerate the solvers and stabilise the schemes to asymptotic conservative finite difference schemes. We apply different numerical test examples and verify our assumptions. In future, we have to analyse carefully the structure of the proposed methods with the underlying error analysis and present more real-life applications in the field of soliton collisions.
